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We study the quantum signatures of chaos by using the concept of bipartite fluctuations in the
kicked two-site Bose-Hubbard model, which can be mapped to the well-studied kicked top model.
We find that the evolution of bipartite fluctuations is quasiperiodic when the initial state centered
in the regular regions, while it becomes irregular as the initial state centered in the chaotic regions.
As a result, the quantum signatures of chaos can be identified in both the dynamical bipartite
fluctuations and the long time averaged bipartite fluctuations. We further demonstrate that the
regular versus irregular behaviors of bipartite fluctuations are induced by the different localization
properties of the evolved state in regular and chaotic regimes. Finally, we discuss how to identify the
signature of global chaos via bipartite fluctuations; and point out the relationship between bipartite
fluctuations and the classical Lyapunov exponent.
I. INTRODUCTION
It has been widely known that the classical chaos is
characterized by exponential separation of trajectories
stem from hypersensitivity to initial conditions [1]. How-
ever, due to the unitary evolution in quantum mechanics,
the above definition of chaos can not be translated into
the quantum realm. Therefore, one of major focus in
quantum chaos field is to identify the signatures of chaos
in quantum systems [2, 3]. Over the past few decades,
several quantum signatures of chaos have been revealed.
It has been found that in many cases the energy spec-
tral properties [3–8] and phase space scarring [9, 10] are
useful to signal the quantum chaos. Furthermore, the
dynamical signatures of the chaos are investigated via
the Loschmidt echo [11–13], spin squeezing [14], and the
dynamical generation of the quantum correlations, such
as entanglement [15–27], concurrence [23, 28], as well as
quantum discord [28, 29]. Very recently, the quantum
signatures of chaos has also been probed by the out-
of-time ordered correlator [30–35]. To get a better and
deep understanding of the quantum signatures of chaos,
however, more works are still needed to explore the dy-
namical influences of the classical chaos on its quantum
counterpart.
In this work, we show for the first time that the sig-
natures of chaos can be identified by using the concept
of bipartite fluctuations [36, 37]. Bipartite fluctuations
is an useful tool to detect quantum phase transitions [37]
and many-body localization transitions [38–41] in vari-
ous quantum many-body systems. Moreover, bipartite
fluctuations also provides many striking insights into the
entanglement properties of quantum many-body systems
[42–45]. A particular advantage of bipartite fluctuations
is that it can be measured in experiments by using, for
example, single atom microscopy [46, 47]. Thus, the sig-
natures of chaos obtained from bipartite fluctuations are
particularly valuable for an experimental study of the
quantum chaos. Another advantage of bipartite fluctua-
tions is that it is easier to calculate numerically than the
aforementioned quantities.
The aim of the present work is to explore how the
signatures of chaos manifest themselves in the dynam-
ical behaviors of bipartite fluctuations. To this end,
we study the dynamical properties of bipartite fluctu-
ations in the kicked two-site Bose-Hubbard (BH) model
[19, 48, 49], which can be mapped to the kicked top model
via Schwinger representation. The kicked top model is a
standard model for studies of quantum chaos and has
rich dynamical features in both classical and quantum
regimes [3]. By varying the initial conditions of the sys-
tem from regular to chaotic region in the classical phase
space, we analyze the dynamical behaviors of bipartite
fluctuations and the localization properties of the evolved
state. We will identify the signatures of chaos in both the
dynamical bipartite fluctuations and the long time aver-
aged bipartite fluctuations. To further confirm bipartite
fluctuations is a useful tool to study the signatures of
chaos, we will also examine the relationship between bi-
partite fluctuations and the classical Lyapunov exponent.
The rest of this article is organized as follows. In
Sec. II, we introduce the kicked two-site BH model and
its basic features. We also discuss its classical counter-
part in this section. In Sec. III, we analysis in detail the
dynamical behaviors of bipartite fluctuations. We show
that both the local and global signatures of the chaos
can be revealed via the properties of bipartite fluctua-
tions. Finally, we give our conclusion and discuss our
results in Sec. IV.
II. THE MODEL
We consider the kicked two-site BH model in which
we periodically vary the hopping term by a sequence of
kickings, the Hamiltonian is, therefore, reads [19, 48]
Hˆ(t) =
U
4
(aˆ†1aˆ1−aˆ
†
2aˆ2)
2+
V
2
(aˆ†1aˆ2+aˆ
†
2aˆ1)
+∞∑
m=−∞
δ(t−m),
(1)
2FIG. 1: Classical phase space of the kicked two-site BH model
(kicked top model) with κ = 3. The classical variables (θ, φ)
are plotted after each kick for 157 trajectories, each with a
duration of 300 kicks. The filled green circle marks the fix
point of the regular region with (θ, φ)=(2.254,−0.945). The
filled green square indicates the boundary between the regular
and chaotic regions with (θ, φ)=(2.254,−0.535). The filled
green triangle at (θ, φ)=(2.254, 0.44) is in the chaotic sea.
where aˆj(aˆ
†
j) is the bosonic annihilation (creation) op-
erator for the jth site, U denotes the strength of the
on-site interaction, V determines the tunneling strength.
The particle number operator Nˆ = nˆ1 + nˆ2 with nˆ1 =
aˆ†1aˆ1(nˆ2 = aˆ
†
2aˆ2), commutates with the Hamiltonian,
thus the total number of particles N is a conserved quan-
tity.
By introducing the angular momentum operators via
Schwinger representation [48]: Jx = (aˆ
†
1aˆ2 + aˆ
†
2aˆ1)/2,
Jy = (aˆ
†
1aˆ2 − aˆ
†
2aˆ1)/(2i), and Jz = (aˆ
†
1aˆ1 − aˆ
†
2aˆ2)/2. The
Hamiltonian in Eq. (1) can mapping to the well-known
quantum kicked top model [3, 48–50]
Hˆ(t) =
κ
2j
Jˆ2z + V Jˆx
+∞∑
m=−∞
δ(t−m), (2)
where κ = NU and the quantum number of angular mo-
mentum is given by j = N/2. Since N is conserved, j
is, therefore, a constant of motion. Thus, the dimension
of the Hilbert space of the quantum kicked top model is
DH = 2j + 1. Which means that we can explore the dy-
namics of the quantum kicked model without truncating
the Hilbert space. The quantum kicked top is a standard
paradigm for both theoretical [21–29, 49–53] and exper-
imental [54, 55] studies of quantum chaos. Its classical
counterpart has a range of dynamics from regular to fully
chaotic. Without loss of generality, in the following of our
study we set V = pi/2.
Under the Hamiltonian (2), the system’s state at time
t can be written as |ψ(t)〉 = Tˆ exp[−i
∫ t
0
Hˆ(t)dt]|ψ(0)〉,
where Tˆ is the time-ordering operator and |ψ(0)〉 is
the initial state. Clearly, the Hamiltonian (2) im-
plies that between successive kicks the system evolves
freely which is described by the unitary operator Uˆ0 =
exp[−iκ/(2j)Jˆ2z ]. Then the system is kicked by an in-
stantaneous kick, the unitary evolution operator in this
process is given by Uˆkc = exp(−ipi/2Jˆx). Finally, the
unitary evolution of the system from kick to kick is gov-
erned by the Floquet operator [2, 3]
Uˆ = UˆkcUˆ0 = exp
(
−i
pi
2
Jˆx
)
exp
(
−i
κ
2j
Jˆ2z
)
. (3)
After nth kick, the state of the system can be expressed
as |ψ(n)〉 = Uˆn|ψ(0)〉.
By taking the classical limit, N → ∞ (j → ∞), the
classical map between the consecutive kicks can be easily
obtained from the Heisenberg equations of the angular
momentum operators Jα,n+1 = Uˆ
†Jα,nUˆ(α = x, y, z) [3,
20–22, 50–52]. The final classical mapping reads [19, 22,
51]
Xn+1 = Xn cos(κYn) + Zn sin(κYn),
Yn+1 = Xn sin(κYn)− Zn cos(κYn), (4)
Zn+1 = Yn,
where X = 〈Jx〉/j, Y = 〈Jy〉/j and Z = 〈Jz〉/j are
the rescaled classical angular momentum. The conser-
vation of the total number of particles leads to the con-
straint X2 + Y 2 + Z2 = 1, which means that the classi-
cal dynamics restricts on the surface of the unit sphere
with (X,Y, Z) = (sin θ cosφ, sin θ sinφ, cos θ), where θ, φ
are the usual polar and azimuthal angles, respectively.
Therefore, the classical phase-space is essentially two di-
mensional [19, 20, 23, 26].
The classical dynamics determined by Eq. (4) depends
on the parameter κ, the so-called chaoticity parameter.
It has been already known that the classical trajectories
are regular for small values of κ, whereas, the dynamics
of the system crosses over to fully chaotic motion with in-
creasing the value of κ [20, 21, 48, 52]. In Fig. 1, we plot
the classical phase space of the kicked top with κ = 3.
Evidently, the phase space shows a clearly mixed feature,
the islands of regular are embedded in a chaotic sea. In
the following of our study, we will focus on three different
areas, which are marked by green dot, square, and tri-
angle, respectively (see the caption of Fig. 1 for details).
As we will see, this classical mixed phase space exhibits
strong influences on the dynamics of the quantum sys-
tem.
III. THE DYNAMICS OF THE BIPARTITE
FLUCTUATIONS AND CHAOS
We now study the dynamics of the bipartite fluctua-
tions [37] in the kicked two-site BH model (kicked top
model). The subsystems of our model are provided by
two sites. Even though the total number of particles is a
conserved quantity, the number of particles in each sub-
system fluctuates. Consider the rescaled number of par-
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FIG. 2: (a) The time evolution of the bipartite fluctuations
for different initial states |θ, φ〉 with θ = 2.254, N = 120
and κ = 3. (b) The time averaged bipartite fluctuations as a
function of the azimuthal angle φ with θ = 2.254 for different
system size N . The value of chaoticity parameter is κ = 3
and the time average is over 400 steps.
ticles on the first site nˆ1/N = aˆ
†
1aˆ1/N , we define the bi-
partite fluctuations as the quantum fluctuations of nˆ1/N
F = [〈ψ|(nˆ1/N)
2|ψ〉 − 〈ψ|nˆ1/N |ψ〉
2]1/2, (5)
where |ψ〉 denotes the state of system. In angular mo-
mentum representation, we have nˆ1/N = 1/2 + Jˆz/N .
Note that F defined here is the square root of bipartite
fluctuations defined in Ref. [37].
In order to compare the quantum and classical evolu-
tions of our system, we set the initial state as an arbi-
trary coherence state, which has following expression in
the Fock basis [48, 56–58]
|θ, φ〉 =
N∑
l=0
√(
N
l
)
cosl
(
θ
2
)
sinN−l
(
θ
2
)
ei(N−l)φ|l〉,
(6)
where 0 ≤ θ ≤ pi, −pi ≤ φ ≤ pi, and |l〉 = |l, N −
l〉 = (aˆ†1)
l(aˆ†2)
N−l|0, 0〉/
√
l!(N − l)! with l = 0, 1, . . . , N ,
is the lth eigenstate of nˆ1. Then the average value
FIG. 3: The time averaged bipartite fluctuations as a function
of polar angle θ and azimuthal angle φ. The time average is
over 400 kicks. The other parameters are: κ = 3 andN = 160.
of the rescaled spin in this state is 〈θ, φ|J/j|θ, φ〉 =
(sin θ cosφ, sin θ sinφ, cos θ).
We start by investigating the dynamics of the bipartite
fluctuations for different initial states with fixed chaotic-
ity parameter κ = 3. The initial coherent states are
chosen from three different regions of the phase space,
namely the fixed point of the regular region, the border
between the regular and chaotic regions, and the chaotic
region (see the caption of Fig. 1 for details). These states
are localized around the three chosen points in classical
phase space and are the minimum uncertainty states.
Fig. 2(a) shows the time evolution of the bipartite fluc-
tuations for aforementioned initial states with N = 120.
Several remark features can be found from this figure.
First, since the initial states are localized, the bipartite
fluctuations is small at the initial time. As the time
increase, the initially localized states become spreading
over the phase space, which results in the increase of bi-
partite fluctuations. For the state initialized in the fixed
point, the increase of bipartite fluctuations is slow, and
shows a quasiperiodic behavior at late time due to the
underlying classical regular dynamics. Whereas, a rapid
increase of bipartite fluctuations can be seen clearly as
the initial state centered in the chaotic sea. The interme-
diate behavior of bipartite fluctuations can be observed
for the curve with φ = −0.535. Second, the quasiperiodic
modulation of bipartite fluctuations is disappeared as the
initial state is changed from regular region to the chaotic
region in classical phase space. Moreover, bipartite fluc-
tuations eventually reaches a quasisteady state for the
state initially in the chaotic region. Third, comparing to
the values of bipartite fluctuations with φ = −0.945, we
see that bipartite fluctuations is enhanced by the under-
lying classical chaotic dynamics.
The general dynamical behavior of bipartite fluctua-
tions in regular versus chaotic regimes are represented
by aforementioned three initial states. Therefore, the re-
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FIG. 4: (a) The time evolution of the IPR for different initial
states |θ, φ〉 with θ = 2.254, N = 120 and κ = 3. (b) The
long time averaged IPR as a function of the azimuthal angle
φ with θ = 2.254 for different system size N . The value of
chaoticity parameter is κ = 3 and the time average is over
400 steps. Here both IPR ηt and the time averaged IPR η¯ are
rescaled by the dimension of Hilbert space DH = N + 1.
sults display in Fig. 2(a) indicate that the signatures of
chaos are revealed in the dynamical behaviors of bipartite
fluctuations. In order to further confirm the correlation
between the chaos and bipartite fluctuations, we study
the time averaged bipartite fluctuations, which is defined
as the average of bipartite fluctuations over a time inter-
val T
F =
1
T
∫ T
0
F(t)dt. (7)
To calculate F , the time interval T should be chosen
to be longer than other time scales. In our study, we
take T = 400, we find that for larger T , the results do
not change. According to the results obtained above
(cf. Fig. 2), one can expect that the fixed point region
should has a remarkably lower value of bipartite fluctua-
tions compare to the chaotic sea.
In Fig. 2(b), we plot the time averaged bipartite fluc-
tuations as function of the azimuthal angle φ with a con-
stant polar angle θ = 2.254 for different system sizes. It
can be seen clearly that the time averaged bipartite fluc-
tuations reaches its minimum value at the fixed points,
while it has larger values in the chaotic region. The dips
in the time averaged bipartite fluctuation thus can be
used to identify the regular islands. Moreover, the regu-
lar region becomes wider and the minimum value of the
time averaged bipartite fluctuations is decreased with the
size of system increasing. In contrast, the behavior of the
time averaged bipartite fluctuations in the chaotic region
is not changed when the size of system is increased. These
result means that the edge of chaos [23] can be deter-
mined by the time averaged bipartite fluctuations and a
good quantum-classical correspondence can be obtained
in the limit of large size of system.
The time averaged bipartite fluctuations as a function
of φ and θ is shown in Fig. 3. Comparing Fig. 1, we
clearly see the mixed nature of the classical phase space
is well reproduced in Fig. 3. In particle, the four evi-
dent islands in Fig. 3 are closely matched with the four
stable islands in Fig. 1. Hence, we observe a remarkable
quantum-classical correspondence.
The features of bipartite fluctuations discussed above
are induced by the fact that in the regular region, the
time evolved state of system is a localized state in the
basis provided by the eigenstate of nˆ1, whereas in the
chaotic region it becomes an extended state. To clarify
this statement, we study the inverse participation ration
(IPR) [59, 60], which quantifies the degree of delocaliza-
tion of the state at time t in the eigenstate of nˆ1. To this
end, we decompose the state of system at time t in the
basis |l〉, |ψt〉 =
∑
l c
t
l |l〉, where |l〉 is the lth eigenstate
of nˆ1 [cf. Eq. (6)], c
t
l = 〈l|ψt〉 is the expansion coefficient
and satisfy
∑
l |c
t
l |
2 = 1. Then the IPR is defined as
ηt =
1∑
l |c
t
l |
4
. (8)
The extended state in the basis |l〉 is indicated by the
large value of ηt, while small value of ηt implies localized
state.
Fig. 4(a) shows the IPR as a function of time for dif-
ferent initial states. We find that the IPR is very small
for the initial state centered in the fix point, whereas it
increase with the initial state moving to the chaotic re-
gion. This result confirms that in the regular region, the
localization nature of the wave function persists, whereas
in the chaotic region it implies the extension of the wave
function in the eigenstates of nˆ1.
To further elucidate the localization property of the
wave function in regular versus chaotic regions of the
classical phase space, we calculate the long time aver-
aged IPR η¯. In Fig. 4(b), we have shown the quantity η¯
as a function of azimuthal angle φ with θ = 2.254 for dif-
ferent size of system. We see that η¯ has significant small
values in the regular islands, which is consistent with the
fact that in the regular region the evolved wave functions
remain localized in eigenstates of nˆ1. On the other hand,
in the chaotic region, the delocalization of the evolved
states leads to the larger value of η¯. Moreover, the value
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FIG. 5: 〈F〉P as a function of κ for N = 160. The phase space
average is calculated on a grid of 15×15 initial conditions and
the time average is taken over 400 kicks. Inset: The Lyapunov
exponent λ versus the chaoticity parameter κ.
of η¯ is decreased with increasing the size of system in the
regular region. However, in chaotic region the rescaled
long time averaged IPR η¯/DH with DH denotes the di-
mension of Hilbert space, is independent of the size of
system. These observations indicate that in the chaotic
region, the evolved states are extended in the eigenstates
of nˆ1, and this results in the bipartite fluctuations grows
faster with time and eventually saturates at some lager
value. By contrast, in the regular region, the localization
of the evolved states leads to the bipartite fluctuations is
oscillated with small value.
In addition to reveal the correlation between the bipar-
tite fluctuations and the local properties of the chaotic
system, we further investigate the performance of bipar-
tite fluctuations to characterize the global chaos in the
kicked BH model. In classical systems, it is known that
the degree of chaos is quantified by the Lyapunov expo-
nent (LE). The value of LE is zero for the regular regime,
while in the chaotic regime the LE has non-zero positive
value and increases with the degree of chaos in the sys-
tem. For quantum system studied here, as in Ref. [23], we
consider the bipartite fluctuations power, which defined
as the phase space average of the time averaged F
〈F〉P =
∫
dµ(θ, φ)F , (9)
where F is given by Eq. (7) and dµ(θ, φ) = sin θdθdφ [20]
is the Haar measure of the phase space. We conjecture
that, such as the classical LE, the onset of global quan-
tum chaos can be detected via the bipartite fluctuations
power.
In Fig. 5, we plot both the bipartite fluctuations power
and the classical LE as a function of chaoticity parame-
ter κ. Here, we should point out that in our study the
classical LE is calculated by using the tangent map of
Eq. (4) [22]. A comparison of 〈F〉P to the classical LE
(see the inset of Fig. 5) shows an obviously correspon-
dence between the bipartite fluctuations power and the
LE. Namely, the dip in 〈F〉P corresponds to the zero val-
ues of LE. Similar to the LE, the bipartite fluctuations
power increases with chaoticity parameter but its maxi-
mum is bounded around 0.18. Moreover, the increase of
the bipartite fluctuation power at κ ≈ 2.2 indicates the
onset of quantum chaos, while the saturation means the
global chaos has appeared.
However, an important difference between the LE and
bipartite fluctuations power is that in the classical sys-
tem the LE is zero in the regular region i.e., κ ≤ 2, and
the boundary between the regular and chaotic regions
is well defined. For the quantum system on the other
hand, result from the fact that the quantum state has
some spread in phase space, in regular region the bipar-
tite fluctuations power is small but not zero and it varies
smoothly as the value of κ increase. By increasing the
size of system, one can get more better correspondence
between the LE and the bipartite fluctuations power. In
spite of this difference, both the local and global signa-
tures of chaos are clearly identified by the properties of
bipartite fluctuations. Therefore, we can confirm that
bipartite fluctuations serves as a good detector of the
signatures of chaos.
IV. CONCLUSION
By employing the concept of bipartite fluctuations, the
signatures of the quantum chaos in the kicked two-site
BH model have been explored. The suitability of the
kicked two-site BH model is due to the fact that it can be
considered as a bipartite system of two sites. Moreover,
by using the Schwinger representation, the kicked two-
site BH model can be mapped to the well studied kicked
top model.
The dynamics of bipartite fluctuations has been re-
lated to the underlying classical chaotic properties of the
system. We have found that the time evolution of bi-
partite fluctuations is determined by the location of the
initial state. When the initial states centered in the clas-
sical regular regions, the bipartite fluctuations exhibits
quasiperiodic modulation. However, for initial states lo-
calized in the chaotic sea, the periodic oscillation is dis-
appear and the bipartite fluctuations rapidly increases
to an almost constant value in a short time. We further
shown that the dynamical behaviors of bipartite fluctu-
ations are associated with the localization properties of
the evolved state.
The difference between the regular and chaotic behav-
ior leads to the time averaged bipartite fluctuations has
low value in the classical regular regions, in contrast to
the chaotic regions where the value of the time averaged
bipartite fluctuations is higher. Therefore, the change
in the time averaged bipartite fluctuations can be used
to define the edge of chaos. Furthermore, we have shown
6that the regular versus chaotic behavior can be explained
through the localization property of the evolved state.
We finally demonstrated that as a function of chaotic-
ity parameter κ, the growth of the bipartite fluctuation
power is similar to the growth of the LE in the classical
chaotic system. Hence, our results verify that bipartite
fluctuations is a very useful tool for studies of the quan-
tum signatures of chaos.
The results presented in this work highlight the connec-
tion between the properties of bipartite fluctuations and
the signatures of the chaos. Unveiling how the dynam-
ics of bipartite fluctuations is influenced by underlying
classical chaos may provide more understanding about
the quantum chaos. On the other hand, with the recent
experimental progresses in atomic physics, nanoscience,
and quantum optics, the kicked two-sit BH model can be
realized through the two coupled tightly Bose-Einstein
condensates [61–63]. Moreover, one can measure the bi-
partite fluctuations via single atom microscopy [46, 47].
Therefore, we hope that our work would lead to more
experimental studies on the quantum signatures of chaos
using bipartite fluctuations.
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